The purpose of this paper is to prove a maximal ergodic theorem for Abel means of a strongly measurable semi-group Γ={T t ;t^0}
measure space and L P (X) = L P (X, ^?, μ), 1 <^ p <. °o f the usual (complex) Banach spaces. Let Γ -{T t ; t ^ 0} be a strongly measurable semi-group of linear contractions on L X (X) with || T t f W^ ^ ||/|L for any fe L^X) Π LJ^X) and any t ^ 0. By the Riesz convexity theorem Γ may be considered as a strongly measurable semi-group of linear contractions on L P (X) for each p with 1 ^ p < oo. It is then known (cf.
[4], p. 686) that for each fe L P (X) with 1 ^ p < oo, there exists a scalar function T t f(x), measurable with respect to the product of Lebesgue measure and μ, such that for almost all t, T t f{x) y as a function of x, belongs to the equivalence class of T t f and such a measurable representation is uniquely determined except for a set of For the proof of Theorem 1 we shall need the following lemma, whose proof is given in [7] . We shall first prove that for any fixed λ > 0,
In fact, if ε > 0 then choose a positive real number a such that
Let k(n) be the positive integer such that
e -λa lp dt < e and < e . 3* Applications* It is known (cf. [3] ) that (i) if 1 < p < co and fe L P {X), then the function */ defined by
is in L P (X) and || */ || p ^ p/(p -ΐ)\\f\\ p ; (ii) for every fe L P (X) with 1 <; p < co, the limit lim-^L exists and is finite a.e. In this section we shall prove the exact analogues for Abel means.
THEOREM 2. // 1 ^ p < co and fe L P {X), then f* < oo a.e. In particular if 1 < p < co, £β,e% f* is in L P (X) and Proo/. It follows easily from Theorem 1 that for any α > 0,
from which we observe that /* < oo a.e. The second half of the theorem follows from Theorem 2.2.3 of [6] . The proof is complete.
THEOREM 3. For any fe L P (X) with 1 ^L p < °o f the limit
exists and is finite a.e.
Before the proof we note that if the semi-group Γ = {T t ; t ^> 0} is sub-Markovian (for definition, see [5] ) and of type C lf then the above theorem has been proved by Edwards [5] , for each i. Thus we observe that the limit (5) exists and is finite a.e. for any function / in a dense subset of L P (X) in the norm topology. Hence the Banach convergence theorem [3] and Theorem 2 imply that the limit (5) exists and is finite a.e. for any fe L P (X).
Since L P (X) n L,(X) is dense in L X (X) in the norm topology, the Banach theorem and Theorem 2 are also sufficient to prove that the limit (5) exists and is finite a.e. for any fe L λ {X). This completes the proof of Theorem 3.
